
Solution to Homework 6

Total 20 points

Problem 1. (5 points) If function f is µ-strongly convex, and g is a subgradient of f at x.
Show that for any y ∈ dom f ,

f(y) ≥ f(x) + ⟨g,y − x⟩+ µ

2
∥y − x∥22 .

Solution. Let h(x) = f(x) − µ
2 ∥x∥

2
2. Then h(x) is convex and g − µx is a subgradient of h

at x. Thus we have
h(y) ≥ h(x) + ⟨g − µx,y − x⟩,

which means

f(y) ≥f(x) +
µ

2
(∥y∥22 − ∥x∥22) + ⟨g − µx,y − x⟩

=f(x) + ⟨g,y − x⟩+ µ

2
∥y − x∥22 .

Problem 2. (5 points) Suppose f is convex and G-Lipschitz continuous over the constraint C,
which is bounded and convex with diameter D > 0. If we run projected subgradient descent
method for T rounds with ηt =

D
G
√
T
, then we have

f(x̄t)− f∗ ≤ DG√
T
,

where xt =
1
T

∑T
t=1 xt.

Solution. In the class, we have shown

f(x̄t)− f∗ ≤
∥x0 − x∗∥22 +

∑t
k=0 η

2
k∥gk∥2

2
∑t

k=0 ηk
.

Since ∥x0 − x∗∥2 ≤ D and ∥gk∥ ≤ G, we have

f(x̄t)− f∗ ≤ DG√
T
.

Problem 3. (10 points) Let f be µ-strongly convex and G-Lipschitz continuous over the
constraint C. Let ηt =

2
µ(t+1) and x̄t =

∑t
k=1

2k
t(t+1)xk. Prove that the projected subgradient

descent obeys
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(a)

f(x̄t)− f∗ ≤ 2G2

µ(t+ 1)
;

(b)

∥x̄t − x∗∥2 ≤
2G

µ
√
t+ 1

.

Solution.

(a) In the class, we have shown that

t∑
k=0

k(f(xk)− f∗) ≤ tG2

µ
.

By Jensen inequality, we have

t∑
k=0

k(f(xk)− f∗) =
t(t+ 1)

2

(
t∑

k=1

2k

t(t+ 1)
f(xk)− f∗

)
≥ t(t+ 1)

2
(f(x̄t)− f∗).

Thus we can get

f(x̄t)− f∗ ≤ 2G2

µ(t+ 1)
.

(b) By strong convexity and (a), we have

µ

2
∥x̄t − x∗∥22 ≤ ⟨∇f(x∗), x̄t − x∗⟩+ µ

2
∥x̄t − x∗∥22 ≤ f(x̄t)− f∗ ≤ 2G2

µ(t+ 1)
.
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