Solution to Homework 1

Total 30 points

Problem 1. (8 points) For each of the following sequence, determine the rate of convergence
and the rate constant:

Solution.

(a) As lim 2 = 1, and lim 202 — 001, thus r = 1, C = 0.01.
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(b) As lim zx =0, and lim 2772 =1, thusr=2,C =1.
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(c) As khm x, = 0, and khm 3 (f;) =0,thusr=1,C=0.
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(d) klirgo x, = 2, and kl;rgo o2 = klirgo S klirgo ey = 10 thusr =2, C =

Problem 2. (10 points) Judge the properties of the following sets (openness, closeness,
boundedness, compactness) and give their interiors, closures, and boundaries:

(a) C
(b) C
(¢) C3={(z,y) |z >0,y > 0}.
(d) Ca={klk € Z}.

(e) C5 = {(1/k,sink)|k € Z}.

Solution.

(a) Cy is open, closed, bounded and compact. C{ = Cy = 9Cy = ).
(b) Cy is open and closed. C5 = Cy = R" and 9Cy = 0.



(c) C§ = {(z,y) ]z > 0,y > 0}, C3 = {(z,y)" |z > 0,y > 0} and 9C3 = {(z,y) |z = 0,y >
0} U{(z,y)"|z >0,y =0}

(d) Cy4is closed. C§ = () and Cy = 0Cy = {k|k € Z}.
(e) Cs is bounded. Cg = () and C5 = 9C5 = {k|(1/k,sink)" |k € Z} U{(0,y)"| -1 <y < 1}.

Problem 3. (4 points) Compute the gradient and the Hessian of the following functions
(write in vector or matrix form, rather than entrywise), give details:

(a) f(x)=(aTx)(b"x).
(b) f(x
(c) (bonus) f(x) = log> 1", exp(ax + b;).

(x) = 3/[Ax - bJf3.

Solution.

(a)

d(a’x)
ox

(b"x)
0x
Vif(x) = (ab" +ba').

Vix) = (b'x) + (a'x) —a(b'x)+ (a'x)b=(ab' +ba')x.
(b) As f(x) = 1||Ax — |3 = 3(Ax — b) " (Ax — b), we know
Vf(x)=AT(Ax —b).
Vif(x)=ATA.

(c) Let g(y) = log> 1", exp(y;), then f(x) = g(Ax + b) where A = [aj,...,a,]" and
b = [b1,...,by]". On the other hand, let h(y) = S, exp(y;), then g(y) = log(h(y)).
According to the chain rule (page 38 and 41 of lecture 1), we can get
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Thus we have 1
Vf(x)=ATVg(Ax+b) = ﬁATz
Vif(x) = ATV?g(Ax +b) A =AT <1dia (z) — 1zzT> A
B g B 17z 8 (17z)2 '

where z; = exp(a; x+b;) and diag(x) denotes a square matrix which has x on the diagonal
and zero everywhere else.



Problem 4. (8 points) Which of the following sets are convex? Explain your answer.

(a)
(b)

()

(d)

A wedge, i.e., a set of the form {x € R"|alx < by,aix < by}.

The set of points closer to a given point than a given set, i.e., {x|||[x — xg|l2 < [|x —
yl2 for all y € S} where S C R™.

The set of points closer to one set than another, i.e., {x|dist(x,S) < dist(x,T)} where
S,T CR", and dist(x, 5) = inf{||x — z||2|z € S}.

The set of points whose distance to a does not exceed a fixed fraction # of the distance to
b, i.e., the set {x|||x — a2 < 0|x — b2} (a#band 0 <6 <1).

Solution.

(a)

(b)

A wedge is convex. If a?x < bl,agx < bo, alTy < b1,agy < by and 0 < 6 <1, then it’s
obvious that af (fx+ (1 —60)y) < by,al (0x+ (1 —0)y) < by. Alternatively, you can regard
a wedge as an intersection of two half-spaces.

The set of points closer to a given point than a given set is convex. In fact, the condition
Ix = xoll2 < [[x — v for all y € S is equivalent to (y — x0)"x < S ([ly[12 - [xol|3) for any
y € S. Therefore, the set can be rewritten as

1
Nyes{x|(y —x0)"x < §<HyH§ — [Ix0ll3)},
which is an intersection of convex sets.

The set of points closer to one set than another may be non-convex. For example, we take
S ={-2,2},T = {0}, then the set is (—oo, —1] U [1, 00), which is non-convex.

The set of points whose distance to a does not exceed a fixed fraction 8 of the distance to
b is convex. When 6 = 0 or § = 1, the conclusion is trivial. When 6 € (0,1), the condition
lx — al|2 < 0||x — bl|2} is equivalent to
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Therefore, the set is a ball, which is convex.



