Notes for Lecture 9
Scribe: Tingkai Jia

1 Convergence of Proximal Gradient Descent

Lemma 1. LetyT = prox%h(y — +Vf(y)), then

L L
Fy") = F(x) < Slx=yl5 = Slx=y"l5 - 9(xy)

where g(x,y) = f(x) — f(y) = (Vf(y),x —y).

Proof. Define ¢(z) = f(y) +(Vf(y),z—y)+ £|z—y||3 + h(z). It is true that y ™ = argmin, ¢(z) and ¢(z)
is L-strongly convex, which means

L
o0x) = o(y") + 5 Ix—y* 3

From the smoothness of f, we have

L
o) = F3) + (VY)Y =y + Sy = ylE+hy")
> fly")+hy")=Fy™).
Now we get
L
6x) > Fly*) + Zlx—y* I3
which together with the definition of ¢(x) gives
L L
F9) + (VI %~ 3) b0 + Slx—yl3 > Fly™) + 2 x — y* I3
L L
F(x) +h(x) = g(x,y) + S lx — yllE > F(y") + Pl y*l3

L
F(x) = g(6y) + S lx=yl3 = Fy™) + 5 lx = y I3

Theorem 1 (PGD for convex problems). Suppose f is conver and L-smooth. If n, = 1/L, then

Lllxo — x.|13

F(xt) — F(x4) < 57

Proof. With Lemma [I]in mind, set x = x,, y = x; to obtain

F(xi41) — F(xy)
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L
=5 53— §||Xt+1 - X*||§ — g(Xx,X¢)

A

L L
< Sllxe — x*||§ - §||Xt+1 - X*||§-
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Apply it recursively and add up all inequalities to get

t—1 I I
> (Flxkn) = F(x) < Sllxo — %3 — 5 1% — %3,

with ¢ (F(xt) — F(x.)) < ZZ_:B (F(xk+1) — F(x4)), we finally get

Lllxo — x.I3

F(x¢) — F(xy) < of

O

Theorem 2 (PGD for strongly convex problems). Suppose f is u-strongly convex and L-smooth. ifn, = 1/L,
then

ILI/ t
I =13 < (1= 5 lxo =%l

Proof. With Lemma [I]in mind, set x = x,, y = x; to obtain
L L
Flxes1) = F(x) < 5 lxe — X[3 — 3 lxer1 — X3 = g(%, %)
cLon
- 2

llx: — X*||§ — =llxe41 — X*||§~

5|
This taken collectively with F(x;y1) — F(x.) > 0 yields
e =3 < (1= 2) lxe = x.

Applying it recursively concludes the proof. O
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