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Convex Function (I'4ER%Y)

@ A function f : R” — R is convex if dom f is a convex set and
f(Ox + (1 —0)y) < 0f(x) + (1 — 0)f(y)

for all x,y € dom f , 0 € [0, 1].
@ A function f is concave if —f is convex.

Strict convex function:

f(Ox+(1—0)y)<6f(x)+(1—60)(y), t€(0,1), x#y

(y, f(y))
(z, f(x))
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Examples

exponential: e,

power: x*(x >0, > 1).
logarithm: log, x (0 < a < 1).
negative entropy: x log x
affine: a'x + b.

norms: ||x||.
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First-order condition

Suppose f is differentiable and has convex domain, then f is convex if and
only if

f(y) = f(x) + (VF(x),y — x)

holds for all x,y € dom f.

f(y)
F@) + V@) (y - =)
(z, f())
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First-order condition

If Vf(x) =0, then for all y € dom f, f(y) > f(x), i.e., x is a global
minimizer of f.

Strict convex:

f(y) > f(x) + (VFf(x),y — x), if y # x.
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Second-order condition

Suppose f is twice differentiable and has convex domain, then f is convex
if and only if

V2f(x) > 0.
Strict convex:
V2f(x) - 0.
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Examples

o least-square: f(x) = ||Ax — b||3
o quadratic-over-linear: f(x,y) = x?/y, y >0

o log-sum-exp: f(x) = log > " ; exp(x;)
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Sublevel set (/KFT48)

The a-sublevel set of a function f is defined as
Co = {x € dom f|f(x) < a}
Sublevel sets of convex functions are convex for any value «.

The converse is not true: a function can have all its sublevel sets convex,
but not be a convex function.

— o
"
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Epigraph (L 77H])

The epigraph of a function f : & — R is defined as the set

epif 2 {(x,u) € S xR: f(x) < u}.

epi f

Theorem. A function f is convex if and only if its epigraph is a convex set.
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Jensen inequality

Jensen Inequality:
f(91X1 -+ .- —|—9kxk) < Hlf(xl) + -+ Qkf(xk), 014+ ...0=1

can be proved by induction

f ( /S p(x)de> < /S f(x)p(x)dx

f(E[x]) < E[f(x)], for any random variable x

Extensions:
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Operations that preserve convexity

Nonnegative weighted sums:
A nonnegative weighted sum of convex functions

f=wfh+ -+ wnfn

is convex.

Composition with affine function:
If f is convex, then f(Ax + b) is convex.
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Operations that preserve convexity

Pointwise maximum:
If fi,...,fm are convex, then f(x) = max{fi(x),..., fm(x)} is convex.

Example:
@ piecewise-linear function: f(x) = max,-:17_,,m(a,-Tx + b;) is convex

@ sum of r largest components of x € R":
f(x) =X+ + X

is convex. ( xpj is i-th largest component of x)
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Operations that preserve convexity

Pointwise supremum:
If f(x,y) is convex in x for each y € A, then

g(x) = sup f(x,y)
yeA

is convex.

Example:
@ distance to farthest point in a set C:

f(x) = sup[lx —y||
yeC
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Operations that preserve convexity

Minimization:
If f(x,y) is convex in (x,y) and C is a convex set, then

g(x) = y'gfc f(x,y)

is convex.

Example: distance to a set: dist(x,S) = infycs ||x — y|| is convex if S is
convex.
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Convex optimization

Theorem. Let f be a convex function on a convex set C. Suppose x* is a
local minima of f, i.e., there exist some ¢ > 0 such that any X € BsNC
holds f(x*) < f(X). Then x* is a global solution of

min f(x).
xeC
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Subgradient (IXHHE)

We say g is a subgradient of f at the point x if

f(y) > f(x)+<g,y—x)1 Vy € dom f

~~

a linear under-estimate of f

The set of all subgradients of f at x is called the subdifferential of f at x,
denoted by Of(x).
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Example: f(x) = |x|

f(x) = Ix| df (x)

-1 0.5 30: 0.5 1 -1 05 ',;:‘ 05 1
{-1}, ifx<0

f(x) = Ix| of(x) =< [-1,1], ifx=0

{1}, ifx>0
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Example: max{fi(x), (x)}

max{f(x), L(x)} of (x)

T 6
4
2
0
-2
-4
g 05 0 05 1 15

f(x) = max{fi(x), f2(x)} where fi(x) and f>(x) are differentiable.

{0}, if A(x) > f(x)
Of (x) = ¢ [f{(x), (X)), if A(x) = f(x)
{L()} ifA(x) < f(x)
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Subgradient of differentiable functions

If a function is differentiable, the only subgradient at each point is the
gradient, i.e.,

af (x) = {VF(x)}.
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Basic rules of subgradient

e scaling: d(af) = adf, for a > 0
e summation: J(fi + f) = 0f + O

Example: Compute the subdifferential of /1 norm

d
Fx) = lIxls =) |xl.
i=1
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Basic rules of subgradient (cont.)

@ chain rule: suppose f is convex, and g is differentiable,
nondecreasing, and convex. Let h(x) = g(f(x)), then

Oh(x) = g'(f(x))of (x)
@ Suppose f is convex, and let h(x) = f(Ax + b). Then
dh(x) = ATOf(Ax + b)

Example: Find a subgradient of ||Ax + b|;.
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Basic rules of subgradient (cont.)

e pointwise maximum: if f(x) = maxj<j<k fj(x), then

0f(x) = conv {U{(‘)f;(x)\f;(x) = f(x)}}

e pointwise supremum: if f(x) = sup,cr fo(x), then

0f (x) = closure (conv {U{afa(x)lfa(x) = f(x)}})

Example: Find subgradients of following functions:
_ T .
f(x) = lrg’agk{a, x+ b}

F(x) = [l = max, |
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Subgradient characterization of convexity

A function f is convex if and only if dom f is convex and 9f(x) # () for all
x € (dom f)°.
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Summary

@ convex function
o definition
first-order condition, second-order condition
sublevel set, epigraph
Jensen inequality
operations that preserve convexity

o subgradient

e definition
e basic properties
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