Notes for Lecture 8
Scribe: Tingkai Jia

1 Proximal Operator

1.1 /; Norm Example
Example 1. If h(x) = A||x]||1, then
(proxy, (x))i = ¥se(zi; A)
where
T — A, ifx > A
V(T3 N) = ¢ 2+ A\, ifx <=\
0, otherwise

Proof. Consider the subgradient of {; norm function, let g € Oh(z), we can have

A, if z; >0
gi € ¢ —A, if z; <0
AN, ifz =0

Let f(z) = 3|z — x||3 + Al|z|1, when Vf(z) = 0, which also means z; — ; + g; = 0, we have

T — A, if x; > A
(proxy(x))i = z; = S T3 + A, if o; < —A
0, otherwise

1.2 Basic Rules of Proximal Operator
Quadratic Addition: if f(x) = g(x) 4+ 4|x — al|3, then
1 p
prox;(x) = prox_i_, (pr-i— 1+pa) .

Proof. Tt follows that

1 p
pros ) = angmin { 5z = x5 + 9(2) + 52— al3 }
1+
—argmin { 5L a8 - (a.x + pa) + 9(a) |
1 1
= argmln b} 1z]|3 — <Z X + pa) + mg( z)
2
1 p 1
argm1n{2 1—|—p +1+pa> 2—1—1_|_pg(z)}




1 n P,
= Prox_i ——x+-—a|.
P \14p" " 14p
Scaling and Translation: if f(x) = g(ax + b) with a # 0, then
1
prox;(x) = o (prox,z,(ax +b) — b)
Proof. Let w = az + b, it follows that
.1 2
prox;(x) = arg min §||z — x5+ glaz +b)
1|lw—20 ?
in{ - - b
(argvinln{Q H - x 2+g(w)} )

argmin g £ [w — (b+ ax)l3 + ag(w) b~
Gl

(prox,z,(ax +b) —b).

QI Q= Q|F

norm composition: iff(x) = g(||x||2) with domg = [0, +00), then
X
pros () = pros, ([xla) 2 v 20

Proof. Note that
- J1 2 S ST
min ¢ 5|z = x[l2 + g(llzllz) p = min ¢ Szl + 5lIxll2 — (z,%) + g(|lz]|2)

1 1
=min min {2a2 + §||X||g — (z,x%) +g(a)}

a>0 z:||z] 2=«

_ : 1 2 1 2
— g { 30+ I3 - el + gt}

From the above calculation, we know that the optimal point is

x X
o = proxy(Ixlla) and -z = e = prox, (hdl) e

1.3 Nonexpansiveness of Proximal Operator

Theorem 1 (firm nonexpansiveness).

(prox, (x1) — prox, (x2), X1 — Xa) > [[proxy (x1) — prox, (x2)||3



Proof. Let z; = prox,(x1), z2 = prox;,(x2). It is true that
X1 — 21 € Oh(z1) and xg — zy € Oh(z2).
Consider that h is convex, then we have
{h(zz) > h(z1) + (x1 — 21, X2 — 2Z2)
> h(z2) + (x2 — 22,X1 — 21)
add these two inequalities, we obtain

(x1 — X2,21 — 22) > [|Z1 — Z2||§~

2 Moreau Decomposition

Theorem 2. Suppose f is closed convex, and f*(x) = sup,{(x,2) — f(z)} is convex conjugate of f. Then
X = Prox;(x) + prox ;. (x)

Example 2 (prox of support function). For any closed and convex set C, the support function S¢(x) =
Sup,cc(z,x). Then
proxg, (x) = x — Pe(x)

Proof. First it is true that
Se(x) = 1e(x),

then the Moreau decomposition gives
proxg, (x) = x — Proxg: (x)

=X — proxy . (x)

=x — Pe(x). (1)

Example 3 (o norm).
prox| ., (%) =x = Ps, (%),

where By.|, = {zl||z|| <1} is the unit Iy ball.

Proof. Since [|x|lcc = sup,.|,,<1(z, %) = Sp,, (x), we can use Example to get

proxH,”W(X) = I)TOXSBH_Hl (x)=x— PBH'Hl (x).

O
Example 4 (max function). Let g(x) = max{xi,z2, -+, 2z}, then
prox,(x) = x — Pa(x)
where A\ :={z € R |17z = 1} is a probability simplez.
Proof. Since A :={z € R |17z = 1}, we can use Exampleto get
prox,(x) = x — Pa(x).
O
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