Notes for Lecture 7
Scribe: Tingkai Jia

1 Projected Subgradient Descent with Polyak’s Stepsize
Lemma 1. Projected subgradient update obeys

ces1 =713 < llxe = x5 + 07 [lge 12 — 20 (f () = f7).
Proof. Tt follows that

[%e41 — X*H% = | Pc(xt — mgt) — X*H%
< [Jx¢ — gt — X*H%
= [lxe — x5 + 1 &ell5 — 20 (g, %0 — x7)
<lxe = x5 + 07 llgell3 — 206 (f (xe) = £,

where the last inequality uses the convexity
5= f(xe) + (g, X" — x¢).
O

Definition 1 (polyak’s stepsize). By treating the RHS of Inequality in Lemma (1| as a quadratic function
with respect to 1;, we obtain a step size by minimizing this function

Cfxe) = fF
T eE

1.1 Example: Projection onto Intersection of Convex Sets

Example 1. Let Cy,Cs be closed convex sets and suppose C1 N Co # 0,
minimize, max{distc, (x), distc, (x)}
where diste(x) := mingec ||x — z||2.
For this problem, the subgradient method of polyak’s stepsize will act as
Xe41 = Pey (xe),  Xeq2 = Pey (Xe41)-
Proof. First we consider the subgradient, it follows that
g: € Odiste, (x¢)

where i = arg max;—1 » distc; (x¢). If distc, (x;) # 0, we have

_ . X 730,- (Xt>
g = Vdiste, (%) = o = el



Then the polyak’s stepsize is shown as
diste, (x¢) — 0

= [Ixe = Pe. (x4)l2-
g3

e =
Adopting polyak’s stepsize, we arrive at

= Pcz‘ (Xt)'

Xt — Pcl Xt
et = s = — = Pe, () fa S P

1.2 Convergence Rate with Polyak’s Stepsize

Theorem 1. Suppose f is conver and L-Lipschitz continuous. Then the projected subgradient method with

Polyak’s stepsize obeys
Lijxo — x|z

es - fr S
fb t,t f \/m

Proof. With Lemma [If and substituting 7, we obtain

2
(fxe) = )7 < [l = <13 = Il — x*[13] llgell3
< [l — x5 = lIxe1 — x*[|3] L*

Applying it resursively, we get

Fxi) = £ < llxo = x5 = lxes1 = x7|I3] 2

OM“

[lIxo = x*|13 — llxe+1 — x*[I3] L2
L?|[xo — x*|3
t+1
which completes the proof. O

(f )(fbest o= f5)?
(fbest,t - f*)Q

IN
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2 Projected Subgradient Descent with Other Stepsizes

Lemma 2. Suppose f is convexr and L-Lipschitz continuous. Then the projected subgradient update obeys

[[xo — x* HQ"‘LQZZ o
221 oM

Proof. Using Lemma [1] and summing it recursively, we obtain

fbest,t - f >

t

t
2 mi(F (i) = 1) < lxo = XI5 — IIxees = X713+ D 77 les 13

i=0 i=0
t
2(foest,t — Zm < [lxo = x*[13 = llxern = x5+ > lleill3
i=0
2(frest,t — 2771 < lxo = x*[13 = lIxe41 — x*[3 + ZW2L2
||X0 — X3+ L2 Yo
fbest,t - f = )
227, o'
thus we complete the proof. O



2.1 Convergence with 1/1/t + 1 Stepsize

Considering the mequahty in Lemma|2|, we aim to make its RHS approach zero as the subgradient method
update, which means ZZ o n? < oo and 27 oM — 00. Now we can consider 7; = m

Theorem 2. Suppose f is convex and L-Lipschitz continuous. Then the projected subgradient method with

Ny = \/tlﬁ obeys
%o — x*||3 + L?

Vit
Proof. With the fact that \/t+7142-\/¢ < \/tlﬁ < \/Z-if/tﬁ’ we can get a lower and upper bound in ZE:O Nis

fbest,t - f* S

,;)WWW Z” Zf+\/ﬁ

t

2 (Vk+2-VEk+1D) <) m<2) (VE+1-VEk)
k=0 =0 k=0

2VE+2-1) <> m <2(VEFT),
=0

and consider sequence %, the upper bound of its sum is logt + 1, now we get

||X0 — X3+ L2
2 Zz o
xo — x*||3 + L*(logt + 1)
- 4(vt+2-1)
< lIxo = x*||5 + L?log ¢
~ Vi
Through this approach, we find that the convergence contains a logt in the numerator. now, we attempt to
eliminate this term.

t t
Note that Zk:[%] + ~ logt —log [L] < log3 and Ek:[%] ﬁ ~ 2Vt —2,/[4] = (2 — v2)V/t. Thus, we
modify the inequality in Lemma 2 and obtain

fbest,t - f >

t
ni(f(xi) = %) < lIxpay = X3 = e = x5+ L% ) nf
1 i=[%]
t ¢
2(foestt — f* Y i < Ixrey = x5 = [lxe41 = x*[J5 + L? >
i=[1] i=[%]
t t
2(foest,t — f* Z mi < |lxo — x*[3 + L* Z m;
i=T4] i=T5]
o —x*[13 + L2 > rs 17
25541
lxo — x*||3 + L% log 3
22— V2)Vt
%o — x*|13 + L?
/i )
which we finish the proof. O

]~

2

1=

—
N+

N

fbest,t - f* S

fbcst,t - f* §

fbcst,t - f* S



3 Strongly Convex and Lipschitz Problems

Theorem 3. Let f be p-strongly conver and L-Lipschitz continuous over C. If ny =n = ﬁ, then

212
es - fr S RN
fb t,t f /J(t"‘ 1)

Proof. Consider strongly convex situation in Lemma |1} we have

[%e41 — X*H% = |Pc(xt — mgt) — X*H%
< [Jx¢ — gt — X*H%
= [lxe = x*[13 + 1 l&ell5 — 20 (g, %0 — x7)
< (1= pme)llxe = x5 + 07 llgel3 — 20 (F () — ).

For the last inequality, please see problem 1 in the homework. Since n; =n = ﬁ, we have
=) e M) . 1
fxe) = 7 < THXt - X ||§ - THXtH -X H% + ml\gtllé
t(f(xe) = ) < THXt - x*|3 - T”Xt—i-l —x*3 + m”gtﬂg
< THXt -X ||§ - T”Xt+1 -X H% + ;HgtH%-
Summing over all iterations before ¢, we get
: . pt(t+1) e LN g tE?
D k(f(x) = f) <0 - — lxer = x"2 + > el < —,
k=0 L H
which means
tL? 212

fbest,t - f

* < I < .
n> ok~ pt+1)
Thus we finish the proof.
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