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Scribe: Tingkai Jia

1 Properties of Minimax Optimization

Property 1. In minimax optimization, we have

max
y∈Y

min
x∈X

f(x,y) ≤ min
x∈X

max
y∈Y

f(x,y)

Proof. Let

y∗ = argmax
y∈Y

min
x∈X

f(x,y)

x∗ = argmin
x∈X

max
y∈Y

f(x,y),

we naturally have

max
y∈Y

min
x∈X

f(x,y) = min
x∈X

f(x,y∗) ≤ f(x∗,y∗)

min
x∈X

max
y∈Y

f(x,y) = max
y∈Y

f(x∗,y) ≥ f(x∗,y∗),

thus we finish the proof.

2 Convergence Rates of GDA

Theorem 1. If f is l-smooth and convex-concave, let the diameter of X and Y be R. Then for fixed t with
η = R

L
√
t
, where L = 2lR+ ∥∇f(x0,y0∥2, we have

max
y∈Y

f

(
1

t

t∑
k=1

xk,y

)
−min

x∈X
f

(
x,

1

t

t∑
k=1

yk

)
≤ 2LR√

t
.

Proof. It follows that

f(xk,y)− f(x,yk) = f(xk,y)− f(xk,yk) + f(xk,yk)− f(x,yk)

≤ ∇yf(xk,yk)
⊤(y − yk) +∇xf(xk,yk)

⊤(xk − x)

=
1

η
(ỹk+1 − yk)

⊤(y − yk) +
1

η
(xk − x̃k+1)

⊤(xk − x)

=
1

2η

[
∥ỹk+1 − yk∥22 + ∥yk − y∥22 − ∥ỹk+1 − y∥22

]
+

1

2η

[
∥xk − x̃k+1∥22 + ∥x− xk∥22 − ∥x− x̃k+1∥22

]
≤ 1

2η

[
η2L2 + ∥yk − y∥22 − ∥ỹk+1 − y∥22

]
+

1

2η

[
η2L2 + ∥x− xk∥22 − ∥x− x̃k+1∥22

]
.



With the property of projection

∥x− PC(x)∥22 + ∥z− PC(x)∥22 ≤ ∥x− z∥22, z ∈ C

we have

∥ỹk+1 − yk+1∥22 + ∥y − yk+1∥22 ≤ ∥ỹk+1 − y∥22
∥y − yk+1∥22 ≤ ∥ỹk+1 − y∥22,

then we obtain

f(xk,y)− f(x,yk) ≤
1

2η

[
η2L2 + ∥yk − y∥22 − ∥ỹk+1 − y∥22

]
+

1

2η

[
η2L2 + ∥x− xk∥22 − ∥x− x̃k+1∥22

]
≤ 1

2η

[
η2L2 + ∥yk − y∥22 − ∥yk+1 − y∥22

]
+

1

2η

[
η2L2 + ∥x− xk∥22 − ∥x− xk+1∥22

]
,

after apply it recursively, we obtain

1

t

t∑
k=1

(f(xk,y)− f(x,yk)) ≤
1

2η

[
η2L2 +

∥y1 − y∥22 − ∥yt+1 − y∥22
t

]
+

1

2η

[
η2L2 +

∥x− x1∥22 − ∥x− xt+1∥22
t

]
≤ 1

2η

[
η2L2 +

∥y1 − y∥22
t

]
+

1

2η

[
η2L2 +

∥x− x1∥22
t

]
≤ 1

2η

(
η2L2 +

R2

t

)
+

1

2η

(
η2L2 +

R2

t

)
≤ ηL2 +

R2

tη

≤ 2LR√
t
.
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