Notes for Lecture 11
Scribe: Tingkai Jia

1 Convergence of SGD for Strongly Convex Problems

Problem Defination: R
min F(x) = E¢[f(x; )]
xeRd

Assumption 1.1. Given &,...,&—1,9(Xt, &) is an unbiased estimator of VF(x4), i.e.,

E[Q(Xt7 ft)|€07 o 75)5*1] = VF(Xt)
Assumption 1.2. For all x, we have

Efllg(x,€)3] < o*.

Theorem 1.3 (SGD with fixed stepsizes). Suppose F(x) is L-smooth and p-strongly convex, with Assump-
tion and ifne=mn< ﬁ, then SGD achieves

no?

Ef|lxe — x*[13] < (1 — 2um)"[|x0 — x"[|3 + o

Proof. Using the SGD update rule, we have
%41 = x*[13 = [Ixe = ng(x6; &) — x7[|3
= llxe = x*|13 = 2n(x —x*) Tg(xe; &) + n*[lg (e o) 13- (1)
Since x; is indep. of &, we obtain

El(x; — x*) T g(x4; )] = E[E[(x¢ — x*) Tg(x¢t; &) [€0s -5 Eb—1]]
[(x¢ — X*)TE[Q(X:&; §)los - - €]
[(x; — x*) TVF(x,)]. (2)

E
E

Furthermore, strong convexity gives
(VF(x¢), % —x") = (VF(x;) = VF(x"), %, — x") 2 pllxe — x*|3
= E[(VF(x¢),x; — x")] > pE[||x; — x"[3] (3)
Combine , , and Assumption to obtain

Elllxi+1 — x*[|3] = E[llx¢ — x*[|3] — 2nE[(x¢ — x*) " g(xs; &)] + n°E[llg(x¢; &113)]
< E[||x¢ — x*||3] — 2unE[||x; — x*|3] + n°0>
= (1 —2um)E[||x; — x*[|3] + n*0?
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* no 112 no

E —xf3l-t—<(1-2 E[||x; — - —
[llxe41 —x712] 2 <( /M?)( [l — x*[I3] 2 )

thus we obtain
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E TP’ B A 1—2un)t [ E _ 21
e = x7l2] = 5 - = (1= 2m)" { Efllxo = x7[l2] = 57



0_2
E[ljx; — x*[13] < (1 — 2um)'E[[}xo — x" 3] + ”27@ — (1 —2um)")
0_2
< (1= 2um)'E[||xo — x*[|2] + T—(1— (1 = &)1
< (1 2pm) Ellxo —x"[] + 75

Then we finish the proof. O

Theorem 1.4 (SGD with diminishing stepsizes). Suppose F(x) is L-smooth and p-strongly convex, with
Assumption and if e = H_il for some 6 > ﬁ, then SGD achieves

g

Bl - x°[3] < ;5%

where ap = max{”xo —x*|3, 225;‘121 }

Proof. Like fixed stepsizes situation, we first use the SGD update rule to have

Ixe1 — X3 = lIxe — meg(xe: &) — X713
= |lxe — x*||3 = 2 (3¢ — x7) T g(xe5 &) + 07 lg (365 &) 13- (4)
We alse have
E[(x¢ — x*) Tg(x4; &) = El(x —x*) T VF(x)]. (5)

Furthermore, strong convexity gives
(VE(xe)x; - x") = (VF(x;) = VF(x"), x; - x") > pilx, — x|
= E[(VF(x¢),x; — x")] 2 pE[||x; — x"[3] (6)
Combining , , @ and Assumption we obtain

Ellxe1 — x*|[3] = Elllxe — x*[13] — 20eE[(x: — x*) "g(xe;&0)] + i Elll g (xe5 &:3)]
< Ef|lx — x"[|3] — 2umeE|lx — x"[3] + 0o
(1= 2uno)Ell|x — x7|3] + 00

Then we use induction to complete the following proof.

e When k£ = 0, it is surely true that

[H *”2] < || *”2 202 -
E|||x X g = Imax X X .
0 2] > (&g 0 29 200 1

e When k = t, we assume our theorem is true.
e When k =1t + 1, it follows that

Eflxes1 = x*[3] < (1 — 2)E [th = x"|[3] + nj o
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Thus we finish the proof.

2 Convergence of SGD for Convex Problems

Theorem 2.1. Suppose F(x) is L-smooth and convez, with Assumptian and then SGD achieves

B[F () — F(x")] < 07 X222+ an =,
k=0

where X; = Zk 0 Z‘ X If we choose ny = (1/\/13), then we have

EW&Q—ﬂfﬂ§0<Wmﬁ2+ohgv.

Vit

Proof. By convexity of F', we have

F(x*) > F(xy) + (x — x;) ' VF(xy)
=E[(x — x;) ' VF(x;)] > E[F(x;) — F(x*)].

This together with and implies

E[F(x¢) — F(x")] < E[(x — x¢) " VF ()]

El(x — x¢) " g(xe; &)
1 .12 112 1,
727715(”Xt = x5 = [Ixe41 — x*|3) + Y

e — %713 = llxes — x5 + nio”

IN

2 E[F (x;) — F(x")]

IN

Sum recursively to obtain

t

> 2E[F () — F()] < lxo = X715 = [xee1 — x5+ 0 ni
— k=0

t
< Jlxo = x5 + 0% .
k=0

Setting vy = - yields

Zf

¢ ||X0—X H2—|—O'2 E k= Onk
2uLE[F(x - F .
Z k [ ( k) ( )} Zk o Mk




With Jensen’s inequality, we finally obtain

E[F()N(t) —F(X )} < ||X0 _X*H2+Zk OU nk

QZk oMk
Then if setting 7, = O (1/+/t), with the fact that 2(vf+1—1) < o ﬁ <2y/tand 3, $ <logt+1,
we have 9
E[F (%) — O(on—x 1340 1ogt).
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