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1 Convergence of SGD for Strongly Convex Problems

Problem Defination:

min
x∈Rd

F (x)
△
= Eξ[f(x; ξ)]

Assumption 1.1. Given ξ0, . . . , ξt−1, g(xt, ξt) is an unbiased estimator of ∇F (xt), i.e.,

E[g(xt, ξt)|ξ0, . . . , ξt−1] = ∇F (xt)

Assumption 1.2. For all x, we have
E[∥g(x, ξ)∥22] ≤ σ2.

Theorem 1.3 (SGD with fixed stepsizes). Suppose F (x) is L-smooth and µ-strongly convex, with Assump-
tion 1.1 and 1.2, if ηt = η ≤ 1

2L , then SGD achieves

E[∥xt − x∗∥22] ≤ (1− 2µη)t∥x0 − x∗∥22 +
ησ2

2µ

Proof. Using the SGD update rule, we have

∥xt+1 − x∗∥22 = ∥xt − ηg(xt; ξt)− x∗∥22
= ∥xt − x∗∥22 − 2η(xt − x∗)⊤g(xt; ξt) + η2∥g(xt; ξt)∥22. (1)

Since xt is indep. of ξt, we obtain

E[(xt − x∗)⊤g(xt; ξt)] = E[E[(xt − x∗)⊤g(xt; ξt)|ξ0, . . . , ξt−1]]

= E[(xt − x∗)⊤E[g(xt; ξt)|ξ0, . . . , ξt−1]]

= E[(xt − x∗)⊤∇F (xt)]. (2)

Furthermore, strong convexity gives

⟨∇F (xt),xt − x∗⟩ = ⟨∇F (xt)−∇F (x∗),xt − x∗⟩ ≥ µ∥xt − x∗∥22
⇒ E[⟨∇F (xt),xt − x∗⟩] ≥ µE[∥xt − x∗∥22] (3)

Combine (1), (2), (3) and Assumption 1.2 to obtain

E[∥xt+1 − x∗∥22] = E[∥xt − x∗∥22]− 2ηE[(xt − x∗)⊤g(xt; ξt)] + η2E[∥g(xt; ξt∥22)]
≤ E[∥xt − x∗∥22]− 2µηE[∥xt − x∗∥22] + η2σ2

= (1− 2µη)E[∥xt − x∗∥22] + η2σ2

E[∥xt+1 − x∗∥22]−
ησ2

2µ
≤ (1− 2µη)

(
E[∥xt − x∗∥22]−

ησ2

2µ

)
,

thus we obtain

E[∥xt − x∗∥22]−
ησ2

2µ
≤ (1− 2µη)t

(
E[∥x0 − x∗∥22]−

ησ2

2µ

)



E[∥xt − x∗∥22] ≤ (1− 2µη)tE[∥x0 − x∗∥22] +
ησ2

2µ
(1− (1− 2µη)t)

≤ (1− 2µη)tE[∥x0 − x∗∥22] +
ησ2

2µ
(1− (1− µ

L
)t)

≤ (1− 2µη)tE[∥x0 − x∗∥22] +
ησ2

2µ
.

Then we finish the proof.

Theorem 1.4 (SGD with diminishing stepsizes). Suppose F (x) is L-smooth and µ-strongly convex, with
Assumption 1.1 and 1.2, if ηt =

θ
t+1 for some θ > 1

2µ , then SGD achieves

E[∥xt − x∗∥22] ≤
αθ

t+ 1

where αθ = max
{
∥x0 − x∗∥22, 2θ2σ2

2µθ−1

}
.

Proof. Like fixed stepsizes situation, we first use the SGD update rule to have

∥xt+1 − x∗∥22 = ∥xt − ηtg(xt; ξt)− x∗∥22
= ∥xt − x∗∥22 − 2ηt(xt − x∗)⊤g(xt; ξt) + η2t ∥g(xt; ξt)∥22. (4)

We alse have

E[(xt − x∗)⊤g(xt; ξt)] = E[(xt − x∗)⊤∇F (xt)]. (5)

Furthermore, strong convexity gives

⟨∇F (xt),xt − x∗⟩ = ⟨∇F (xt)−∇F (x∗),xt − x∗⟩ ≥ µ∥xt − x∗∥22
⇒ E[⟨∇F (xt),xt − x∗⟩] ≥ µE[∥xt − x∗∥22] (6)

Combining (4), (5), (6) and Assumption 1.2, we obtain

E[∥xt+1 − x∗∥22] = E[∥xt − x∗∥22]− 2ηtE[(xt − x∗)⊤g(xt; ξt)] + η2tE[∥g(xt; ξt∥22)]
≤ E[∥xt − x∗∥22]− 2µηtE[∥xt − x∗∥22] + η2t σ

2

= (1− 2µηt)E[∥xt − x∗∥22] + η2t σ
2

Then we use induction to complete the following proof.

• When k = 0, it is surely true that

E[∥x0 − x∗∥22] ≤ αθ = max

{
∥x0 − x∗∥22,

2θ2σ2

2µθ − 1

}
.

• When k = t, we assume our theorem is true.

• When k = t+ 1, it follows that

E[∥xt+1 − x∗∥22] ≤ (1− 2µηt)E[∥xt − x∗∥22] + η2t σ
2

≤
(
1− 2µθ

t+ 1

)
αθ

t+ 1
+

θ2σ2

(t+ 1)2

≤
(
1− 2µθ

t+ 1

)
αθ

t+ 1
+

2µθ − 1

2(t+ 1)2
αθ

2



≤
(

1

t+ 1
− 2µθ + 1

2(t+ 1)2

)
αθ

≤
(

1

t+ 1
− 1

(t+ 1)2

)
αθ

=
t

(t+ 1)2
αθ =

t(t+ 2)

(t+ 1)2
· αθ

t+ 2

≤ αθ

t+ 2
.

Thus we finish the proof.

2 Convergence of SGD for Convex Problems

Theorem 2.1. Suppose F (x) is L-smooth and convex, with Assumption 1.1 and 1.2, then SGD achieves

E[F (x̃t)− F (x∗)] ≤
∥x0 − x∗∥22 +

∑t
k=0 σ

2η2k
2
∑t

k=0 ηk
,

where x̃t =
∑t

k=0
ηk∑t
i=0 ηi

xk. If we choose ηt = O
(
1/
√
t
)
, then we have

E[F (x̃t)− F (x∗)] ≤ O
(
∥x0 − x∗∥22 + σ2 log t√

t

)
.

Proof. By convexity of F , we have

F (x∗) ≥ F (xt) + (x− xt)
⊤∇F (xt)

⇒E[(x− xt)
⊤∇F (xt)] ≥ E[F (xt)− F (x∗)].

This together with (1) and (2) implies

E[F (xt)− F (x∗)] ≤ E[(x− xt)
⊤∇F (xt)]

= E[(x− xt)
⊤g(xt; ξt)]

≤ 1

2ηt
(∥xt − x∗∥22 − ∥xt+1 − x∗∥22) +

1

2
ηtσ

2

2ηtE[F (xt)− F (x∗)] ≤ ∥xt − x∗∥22 − ∥xt+1 − x∗∥22 + η2t σ
2.

Sum recursively to obtain

t∑
k=0

2ηkE[F (xk)− F (x∗)] ≤ ∥x0 − x∗∥22 − ∥xt+1 − x∗∥22 + σ2
t∑

k=0

η2k

≤ ∥x0 − x∗∥22 + σ2
t∑

k=0

η2k.

Setting νt =
ηt∑t

k=0 ηk
, yields

t∑
k=0

2νkE[F (xk)− F (x∗)] ≤
∥x0 − x∗∥22 + σ2

∑t
k=0 η

2
k∑t

k=0 ηk
.
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With Jensen’s inequality, we finally obtain

E[F (x̃t)− F (x∗)] ≤
∥x0 − x∗∥22 +

∑t
k=0 σ

2η2k
2
∑t

k=0 ηk
.

Then if setting ηt = O
(
1/
√
t
)
, with the fact that 2(

√
t+ 1− 1) ≤

∑t
k=0

1√
k
≤ 2

√
t and

∑t
k=0

1
k ≤ log t+ 1,

we have

E[F (x̃t)− F (x∗)] ≤ O
(
∥x0 − x∗∥22 + σ2 log t√

t

)
.
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