
Notes for Lecture 10

Scribe: Tingkai Jia

1 Convergence of Newton’s Method

Theorem 1. Suppose the twice differentiable function f : Rd → R has L2-Lipschitz continous Hessian and
local minimizer x∗ with ∇2f(x∗) ⪰ µI, then the Newton’s method

xt+1 = xt − (∇2f(xt))
−1∇f(xt)

with ∥x0 − x∗∥2 ≤ µ/(2L2) holds that

∥xt+1 − x∗∥2 ≤ L2

µ
∥xt − x∗∥22.

Proof. It follows that

xt+1 − x∗ = xt − (∇2f(xt))
−1∇f(xt)− x∗

= xt − (∇2f(xt))
−1(∇f(xt)−∇f(x∗))− x∗

= xt − x∗ − (∇2f(xt))
−1

∫ 1

0

∇2f(x∗ + τ(xt − x∗))(xt − x∗) dτ

= (∇2f(xt))
−1

∫ 1

0

(
∇2f(xt)−∇2f(x∗ + τ(xt − x∗)

)
(xt − x∗) dτ

∥xt+1 − x∗∥2 ≤ λ−1
min(∇

2f(xt))

∫ 1

0

L2(1− τ)∥xt − x∗∥22 dτ,

and with the L2-Lipschitz continuous Hessian, we have

∥∇2f(x)−∇2f(x∗)∥2 ≤ L2∥x− x∗∥2
−L2∥x− x∗∥2 ≤ λi(∇2f(x)−∇2f(x∗)) ≤ L2∥x− x∗∥2
−L2∥x− x∗∥2I ≤ ∇2f(x)−∇2f(x∗) ≤ L2∥x− x∗∥2I

∇2f(x) ≥ ∇2f(x∗)− L2∥x− x∗∥2I
λmin(∇2f(x)) ≥ µ− L2∥x− x∗∥2.

Since ∥x0 − x∗∥2 ≤ µ/(2L2), we can inductively show that ∥xt − x∗∥2 ≤ µ
2L2

. Thus we have

µ− L2∥xt − x∗∥2 ≥ µ

2
.

We finally obtain

λ−1
min(∇

2f(xt))

∫ 1

0

L2(1− τ)∥xt − x∗∥22 dτ =
1

2
λ−1
min(∇

2f(xt))L2∥xt − x∗∥22

≤ L2

µ
∥xt − x∗∥22

∥xt+1 − x∗∥2 ≤ L2

µ
∥xt − x∗∥22.



2 The SR1 Method

Theorem 2. We consider secant condition and the symmetric rank one (SR1) update{
yt = Gt+1st,

Gt+1 = Gt + ztz
⊤
t .

where st = xt+1 − xt and yt = ∇f(xt+1)−∇f(xt). It implies

Gt+1 = Gt +
(yt −Gtst)(yt −Gtst)

⊤

(yt −Gtst)⊤st
.

Proof. It follows that

yt = (Gt + ztz
⊤
t )st

= Gtst + (z⊤t st)zt

s⊤t yt = s⊤t Gtst + (z⊤t st)
2

(z⊤t st)
2 = s⊤t yt − s⊤t Gtst,

we also have

yt −Gtst = (z⊤t st)zt

(yt −Gtst)(yt −Gtst)
⊤ = (z⊤t st)

2ztz
⊤
t

ztz
⊤
t =

(yt −Gtst)(yt −Gtst)
⊤

(z⊤t st)
2

=
(yt −Gtst)(yt −Gtst)

⊤

s⊤t yt − s⊤t Gtst
.

Finally we have

Gt+1 = Gt +
(yt −Gtst)(yt −Gtst)

⊤

(yt −Gtst)⊤st
.
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