Notes for Lecture 10

Scribe: Tingkai Jia
1 Convergence of Newton’s Method

Theorem 1. Suppose the twice differentiable function f : R — R has Lo-Lipschitz continous Hessian and
local minimizer x* with V2 f(x*) = pl, then the Newton’s method

X1 =X — (V2 f(x4)) 7'V f(x)
with ||xo — x*||2 < u/(2Ls) holds that

L
%41 — x7]]2 < fHXt —x*|3.

Proof. Tt follows that

Xpp1 = X" =% — (V2 f(x4)) TV f(x4) = x*
=x; — (V2 f(x:)) " H(V(xe) = VF(x")) — x*

1
=x;—x" - (VZf(Xt))fl/ V2F(x* + 7(x — x¥))(x¢ — x*) d7
0
= (VQf(xt))_l/O (sz(xt) — V2f(x* 4 7(x; — X*)) (x¢ —x")dr

1
41 = %"l < A (V2 f(x ))/ Lo(1 — 1)l — x*[3 dr,
0

and with the Lo-Lipschitz continuous Hessian, we have

IV2£(x) = V2f(x")ll2 < Lalx — x7|2
—Loflx = x"[l2 < Xi(V2f(x) = V2 f(x")) < Lo[lx —x"2
—Lo|jx = x"[[2I < V2 f(X) V2F(x") < Lolx = x*||21
2f(x) = V2f(x") = La|lx — x"|[2

min(V2f( ) = p = Lallx = x|z

Since [xo — x*||2 < p1/(2L2), we can inductively show that [|x; — x*[|2 < 3f-. Thus we have
p= Lallx; = x[l2 > 5.

We finally obtain

1
N (F10) [ L1 = )l = Fdr = 5LV e Lol = x|

L
< fllxt - x*|3
L
Ixi41 —x"||2 < fllxt - x*||3.



2 The SR1 Method

Theorem 2. We consider secant condition and the symmetric rank one (SR1) update

vt = Gyyise,
G’t+1 = Gt + ZtZ;r.

where sy = Xp41 — Xt and yy = V f(Xi11) — Vf(x¢). It implies

(vt — Gse)(yr — Gysy) T
(yi — Gysy) sy ’

Git1 =G+

Proof. Tt follows that

v = (Gy JrZst;r)St
= Gtst + (z;rst)zt
S;r}’t = S:Gtst + (z;rst)Q

T2 T T
(z, st)° =s; yt —s; Gisy,
we also have

yi — Gysy = (Z:St)zt
(ve — Ges)(ye — Gusy) T = (2] s¢) 2oz
T _ (vt — Gese)(ye — Gtst)T
Z:z, = -
(2, st)?
_ (Yt - Gtst)(yt - Gtst)T
s;'_yt — s:Gtst '

Finally we have
(ye — Gesi)(ye — Gusy) "

G =G
o o (Yt - Gtst)TSt




	Convergence of Newton's Method
	The SR1 Method

