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Stochastic Optimization

Stochastic optimization problem:

min, F (x) 2 Eff(x;€)]
xE N———

expectation setting

where the random variable £ ~ D.

Stochastic gradient descent:

Xt+]_ = Xt — ntVf(Xt, {t)
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Finite-sum Setting

The finite-sum setting is a special case of the expectation setting:
1 n
) = 5 2 (e
=

Stochastic variance reduced gradient:

Vfi(x:) — Vfi(x) + VF()
N——
—0 if xeX —0 if x~x*

where X is a history point.
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Finite-sum Setting

min F(x)
xeRd

Zf

iteration complexity | per-iteration total
batch GD K log(1/€) n nk log(1/e)
SGD 1/e 1 1/e
SVRG log(1/¢€) n+k (n+ k) log(1/e)

Table: Convergence rate for the strongly convex case

iteration complexity | per-iteration | total
batch GD 1/e n n/e
SGD 1/€ 1 1/€?

Table: Convergence rate for the smooth and convex case
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Stochastic Nonconvex Optimization

Stochastic nonconvex optimization:

min F(x) = E[f(x; €)1,

where f(x; ) is L-smooth and potentially nonconvex.

Our goal is to find a first-order stationary point x such that

E[[VF(x)ll] < e

Assumption:
Ee[lIf (x,€) = F(x)[l3] < o>,
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SGD for Nonconvex Optimization

Stochastic gradient descent:

Xt+]_ = Xt — ntVf(Xt; {t)

@ Return X chosen uniformly at random from {xo,...,X¢_1}.

o If we choose

1 €2 4L(F(x0) — F(x*))
n=n = me{2 5,1} and t = 2 max{22,1}

then
E[[VEX),] < e.
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Stochastic Recursive Gradient

Stochastic recursive gradient estimates:
g: = Vfi(xt) = Vfi(xe—1) + g1
where i is randomly sampled from {1,..., n}.

comparison to SVRG (use a fixed snapshot point for the entire epoch)

Vii(x¢) — V£i(X) + VF(%)
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Stochastic Recursive Gradient

Stochastic recursive gradient estimates:
g: = Vfi(xt) = Vfi(xe—1) + g1
where i is randomly sampled from {1,..., n}.

comparison to SVRG (use a fixed snapshot point for the entire epoch)

Vii(x¢) — V£i(X) + VF(%)

@ Unlike SVRG, g; is NOT an unbiased estimator of VF(x;).
o We have E¢[g: — VF(x¢)] = 8t—1 — VF(x¢—1).
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StochAstic Recursive grAdient algoritHm (SARAH)

Algorithm 1 SARAH
1: Input: xo, 7, m, S
2. %x(0) = X0
3: fors=0,...,5-1

4. vg = VF(x)

5 xp=X=x

6: fort=0,...,m—1

7: draw i; from {1,..., n} uniformly
8: Xt+1 = Xt — N8t

9: gt+1 = Vfi(xeq1) — Vi (xt) + 8¢

10:  end for

11: %5t = x, for randomly chosen t € {0,...,m — 1}
12: end for

13: Output: x(°)
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Convergence Rates for Finite-sum Setting

Method Complexity
GD nk log(1/€)
SGD 1/e

SVRG (n+ k) log(1/e)
SARAH [1] | (n+ k) log(1/¢)

Table: Convergence rate for the strongly convex case

Method Complexity
GD n/e
SGD 1/€?
SVRG (n++/nje)
SARAH [1] | (n+ 1/¢€)log(1/e€)

Table: Convergence rate for the smooth and convex case
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Convergence Rates for Finite-sum Setting

Method Complexity
GD n/e?
SGD 1/e*
SVRG [2] | (n+ n?3/e?)
SARAH [3] | (n++/n/é?)

Table: Convergence rate for the smooth and nonconvex case
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Momentum SGD

Momentum variant of SGD (Polyak, 1964):

pick a stochastic gradient g;
m; = fmy_1 + (1 — 3)g: (momentum term)

Xt4+1 = Xt — N)eMy

@ is the stochastic variant of heavy-ball method

@ key element of deep learning optimizers
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Adagrad

Adagrad is an adaptive variant of SGD

pick a stochastic gradient g;
re=re—1+8:t© 8

1
Xe41l = Xt — Ne——= O 8¢
re

N

@ chooses an adaptive, coordinate-wise learning rate
@ variants: Adadelta, Adam, RMSprop,...
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RMSprop

RMSprop is a moving average variant of AdaGrad

pick a stochastic gradient g;
re=p0r—1+(1—5)8: © 8t

1
Xt+1 =Xt — Nt——= O B¢
re

N

o faster forgetting of older weights
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Adam

Adam is a momentum variant of RMSprop

pick a stochastic gradient g;
m; = Simi_1 + (1 — P1)g: (momentum term)
re = Pare—1+ (1 — B2)g: © 8¢
Xtt1 :Xt—\;ﬁ@mt
@ strong performance in practice, e.g. for self-attention networks

@ may not converge in some special cases, see [4].
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Minimax Optimization

Minimax optimization:

min max f(x
min mas (x,y)

Applications:
@ Adversarial learning
@ Generative Adversarial Network (GAN)

@ Two-player games
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Examples: Adversarial Learning

“panda” noise “gibbon”
57.7% confidence 99.3 % confidence
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Examples: Adversarial Learning

In supervised learning, we consider
1 n
min f(x) £ =Y I(x;aj, b}) + AR(x).
in () £ £ 310631 b) + ARG
In adversarial training, we use a perturbed y; for each data a;.

It leads to the following minimax optimization problem

1 n
i f S I(x;y;i, b;) + AR
T ) & 2 ) RGO

where )V; = {y : ||ly — aj|| < 6} for some small § > 0.
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Examples: Generative Adversarial Network (GAN)

Given n data samples ay, ...,a, € RY from an unknown distribution, GAN

aims to generate additional samples with the same distribution as the
observed samples.

We formulate the minimax optimization problem

1 n
i 2N log D(6,a;) + E, log(1 — D(, G(w, 2)))].
min max n; og D(6,a;) + E,ar(01) [ log( (6, G(w,2)))]

@ D(0,-) is the discriminator that tries to separate the generated data
G(w; z) from the real data samples a;

@ G(w, ) is the generator that tries to make D(8,-) cannot separate
the distributions of G(w;z) and a;
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Examples: Two-Player Games

Consider the payoff matrix of rock-paper-scissor:

rock paper scissor

rock 0 1 -1 A
paper —1 0 1
scissor 1 -1 0

The two-player rock-paper-scissor games aim to optimize:

min maxx ' Ay
xeX yey

@ Pure strategy: X =Y = {e1, e, 3}, not a convex set

o Mixed strategy: & =) = A, simplex over 3 dimension.
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Properties of Minimax Optimization

In general, we have

max min f(x < min max f(x
yeY xeX ( y) xeX ye)y ( y)

Von Neumann’s Minimax Theorem. If both X and ) are compact
convex sets, and f : X x ) — R is convex-concave, then

max min f(x = min max f (X,
yeY xeX ( Y) xeX yey ( y)
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Convex-concave Optimization

We measure the optimality of (X,¥) in terms of the duality gap:

A A . A
ap = max f(X,y) —minf(x,y) >0
gap = maxcf(%,y) — minf(x,y) >

Review:

o fis L-Lipschitz if |f(z1) — f(z2)| < L||z1 — 22]|,.
e fis ¢-smooth if |Vf(z1) — Vf(z2)||, < {||z1 — 22]|,.
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Gradient Descent Ascent (GDA)

Projected gradient descent ascent:

Xer1 = X¢ — NVxf(Xt,¥t)
Yer1 = ye +nVyf(Xe, yt)
Xty1 = Px(Xey1)
ye+1 = Py(¥e+1)
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Convergence Rate of GDA

If fis L-Lipschitz and convex-concave, let the diameter of X and ) be R.

Then for fixed t with learning rate n = LL\;E’ we have

2LR
max f (= Xk, —mmf
a3 Y~y £ o) < 2

If fis ¢-smooth and convex—concave let the diameter of X and ) be R.
Then for fixed t with n = L\f where L = 2¢R + ||V f(xo, ¥o)||,, we have

t
2LR
max f Xk, Y) — mlnf < —
yey ( Z k y) ( kZ:l ) \/E
Slower than minimization problem!
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GDA does not have last iterate guarantees

Consider following problem:

min  max Xy
x€[-1,1] ye[-1,1]

@ The optimal point is (0, 0).
@ GDA will diverge for unconstrained case or hit the boundary for
constrained case.
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Questions

e
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