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Subgradient

We say g is a subgradient of f at the point x if

f(y) > f(x)+<g,y—x)1 Vy € dom f

Vv
a linear under-estimate of f

The set of all subgradients of f at x is called the subdifferential of f at
denoted by Of(x).
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Clean Up of Last Class

In each iteration, the (projected) subgradient descent method computes

Xt41 = 7JC(Xt - ntgt),

where g; is any subgradient of f at x;.

Polyak’s stepsize:
_ f(xe) = f*

nt - 2
||gt||2

@ require to know f*
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Example: Finding a point in the intersection of convex sets

C=CiN---NCp is nonempty, C1,- -+ ,Cp, are closed and convex.
Find a point in C by minimizing
f(x) = max{distc, (x), ..., distc, (x)},
where diste(x) £ minyec [[x — ¥/,
With distc,(x) = f(x), a subgradient of f is

8= =P distc, (x)

X_PCJ(X)Hz
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Example: projection onto intersection of convex sets

the subgradient method with Polyak’s stepsize rule:

Xt41 = 7JC‘,'(Xt”)

@ equivalent to the famous alternating projection algorithm
@ at each step, project the current point onto the farthest set

OptML T Y Ry



Outline

© Proximal Gradient Descent

OptML T Y Ry



Composite Models

minyF(x) = f(x) + h(x)

@ f is convex and smooth
@ his convex (may not be differentiable)

o Let F* = miny F(x) be the optimal value
Example: ¢; regularized minimization:

mxin f(x) + Alx||1
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Review of Gradient Descent

We first revisit gradient descent
Xe1 = X¢ — NeVE(X¢t)
T

. 1
s = argmin { )+ (97(x0)x =) + 5 [x =il
X t
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How about projected gradient descent?

xe+1 = Pe(xe — neVF(xt))
i}

. 1
wen =angmin { () + (VF(x0)x = xe) + 5 = x4 1) |
X t
.1
—argrmin {3~ (xe ~ neFCx) I3 + o)
X

where
0, ifxeC
400, otherwise

le(x) = {
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Proximal Operator (RF1TE5H F)

Define the proximal operator

1
prox,(x) £ arg min {2 lIx — z||§ + h(z)}
z
for any convex function h.
Then, the update of projected gradient descent is

Xt+1 = ProX,. i, (xt = n:VF(xt))
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Proximal Gradient Descent (RFITHEE T %)

In each iteration, the proximal gradient descent method for composite
objective function F(x) = f(x) + h(x) computes

Xtq1 = proxmh(xt —n:VE(xt)).

@ alternates between gradient updates on f and proximal minimization
on h

o useful if the prox can be efficiently computed
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Proximal Operator

1
prox,(x) £ arg min {2 lIx — z||§ + h(z)}

o well-defined under very general conditions (including nonsmooth
convex functions)

@ can be evaluated efficiently for many widely used functions (in
particular, regularizers)

@ this abstraction is mathematically simple but covers many well-known
optimization algorithms
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Example: Indicator Functions

If h(x) = L¢ is the “indicator” function

h(x):{o’ ifxecC

400, otherwise

then

prox,(x) = argmin ||z — x||5  (Euclidean projection)
zeC
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Example: /1 Norm

If h(x) = A||x||1, then
(proxyp(x))i = ¥st(xi; A)  soft-thresholding
where
x—=2A, ifx>A

P(x) =< x+ A, ifx <=
0, otherwise
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Basic Rules of Proximal Operator

o affine addition: if f(x) = g(x) +a'x + b, then
proxs(x) = prox,(x — a)

e quadratic addition: if f(x) = g(x) + 5[x—a |2, then

1
proxs(x) = prox 1_, (x — pa)

1+p 1+p 1+p

e scaling and translation: if 7(x) = g(ax + b), then

proxs(x) = é (prox,2g(ax + b) — b)
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Basic Rules of Proximal Operator

e norm composition: if f(x) = g(||x||,) with domg = [0, c0), then

X
prox(x) = prowg () - ¥x # 0
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Nonexpansiveness of Proximal Operators

o (firm nonexpansiveness)

{proxy(x1) — prox,(x2), x1 — x2) = [|prox,(x1) — prox,(x2)|l3

e (nonexpansiveness)

[[proxp(x1) — proxp(x2)l, < [[x1 — x2ll,
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Conjugate Functions (H¥EKZ%R)

The conjugate of a function f is

f(y) = sup {{y,x) —f(x)}

xEdom f

(x)

\/ A0
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Conjugate Functions

Property: If f is convex and closed. Then
0 ycdf(x) < xe€df(y)
o f*=1f

Examples:
@ Indicator function:

f(x) =1c(x),  f(y)= igg<x,y>

@ Norm:
0, lyll+<1

+oo, |yl >1

)=l F(y) = {

where [ly[|. = supjy<1(x,y) is the dual norm.
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Moreau Decomposition

Suppose f is closed and convex. Then

X = proxz(x) + proxs«(x)
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Example: prox of support function

For any closed and convex set C, the support function is defined as
Sc(x) = sup,cc(x,2). Then

proxg,(x) = x — Pc(x)
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Examples

@ /5 norm:
prox| |, (x) = x = Py, (X)
where B”Hl = {Z’HZHl < ]_} is unit #1 ball.

e max function: Let g(x) = {x1,...,x,}, then
proxg(x) = x — Pa(x)

where A = {z € Ri|1Tz = 1} is probability simplex.
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Convergence Analysis

Let yt = prox%h(y — %Vf(y)), then

L L
Fy"™) = FO) < 5 I —yll5 = 5 [x = y*[J; — g(x.y)

where g(x,y) = f(x) — f(y) — (Vf(y).x —y).

o Take x =y = x¢, we get F(xry1) < F(x¢).

o Take x = x*, y = Xx¢, we get ||xep1 — X[, < [[x¢ — x¥||,.
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Convergence for Convex Problems

Suppose f is convex and L-smooth. The proximal graident descent with
stepsize n: = 1/L obeys

Llxo — x*|3

Flx) = Fix) < =72

@ Achieves better iteration complexity (O(1/¢)) than subgradient
method (O(1/£?)).
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Convergence for Strongly Convex Problems

Suppose f is p-strongly convex and L-smooth. The proximal graident
descent with stepsize 7 = 1/L obeys

2 M\t 2
Ixe = x5 < (1= 7)) lxo = x"[3-

@ Achieves linear convergence O(x log 1).
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Summary

.y . convergence iteration
condition stepsize .
rate complexity
I I I
convex & smooth | n; = @) (;) ) (E)
strongly convex 1 ( 1 t) 1
& smooth m=1 | 0((1-%) O(rlog 2)

Table: Convergence Properties of Proximal Gradient Descent

. convergence | iteration
stepsize .
rate complexity
convex & smooth | n; ~ % 0 <%) o)
strongly convex 1 1 1
& smooth e~ O (%) 0(2)

Table: Convergence Properties of Subgradient Descent
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Questions

e
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